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Abstract 



We consider a deviation from the mean in the problem 



D(x) = sup n{f - Epf > x}, 



for x £ R 



(0.1) 



for the class J- of all integrable, / £ Li(V,d, //), Lipschitz functions 
on a probability metric space (V, d, fx). Consider the following closely 
related (vertex-)isoperimetric problem. Given t > 0, 



where A fe = {u 6 V : d(ii, A) < /i} is an /i-neighborhood of A. 
We solve the problem (10. ip for spaces (V, d, fi) such that for every 
t > there exists a solution of (10. 2 which does not depend on /i. As 
corollaries we get exact solutions of (jO.ip for Euclidean unit sphere 
S 71 ^ 1 with a geodesic distance and a normalized Haar measure, for 
R n equipped with a Gaussian measure and for n-dimensional cube, 
rectangle, powers of tori, Diamond graph equipped with uniform 
measure and Hamming distance. We also obtain a general result for 
probability metric spaces. Let T* be a family of distance functions 
f(u) = —d(A,u), with A C V measurable. For all probability metric 
spaces we prove that 
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minimize fx(A ) over all A C V with /J,(A) > t, 



(0.2) 



sup fi{f - E M / >x}= sup n{f - E M / > x}, 



x e R. 
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1 Introduction and results 

For a metric space (V,d), we denote by J 7 = J~(V) the class of inte- 
grable, i.e. / G Li(V, d, //), 1-Lipschitz functions / : V — > R, i.e., such 
that \f(u) — /(f)| < d(u, v) for all e 7. In this paper we consider a 
deviation from the mean in the problem 

D{x) = sup/i{/ - E^f > x}, for x G R (1.1) 

for the class T of all Lipschitz functions on a probability metric space 
(V,d,n). Here a probability metric space means that a measure /i is Borel 
and normalized, fi(V) = 1. If we change / to — / we get that 

D(x) = sup u,{f — E M / < — x} for x G R. 

Note that the function D(x) depends also on (V,d,/i). 

In order to state our results we need some notation and preliminaries. 
Consider the following (vertex- )isoperimetric problem. Given t, 

minimize u,(A h ) over all A C V with fi(A) > t, (1.2) 

where A h = {u G V : d(u, A) < h} is an /i-extension of A. A nice overview 
of isoperimetric problems with applications can be found in |Led01[ [LT91J 
e.g. Following [BS02] we say that a space (V, d, u) is isoperimetric if for 
every t > there exists a solution, say A opt , of (jl.2p which does not depend 
on /i. We derive exact deviation from the mean inequalities for Lipschitz 
functions on isoperimetric probability metric spaces. 

We firstly state a general result for all probability metric spaces. It states 
that, the sup in ( 11. ip is achieved on a family, say J 7 *, of distance functions 
f(u) = —d(A,u) with measurable AcV. Note that J 7 * C 7. 

Theorem 1.1. Given a probability metric space (V,d,u), we have 
sup n{f - E M / >x}= sup y.{f - E M / > x} a; G R. 

Proof Fix x G R. Let / G 7 and 5 = {m : /(it) - E^f > x}. Without 
loss of generality we suppose that / > for u G B and f(u) = for at 
least one u G B. Let g(u) = —d(B,u). It is easy to see that f(u) > g(u) 
for all u G V and E^f > E^g, so B C {m : g(u) - E^g > x}. Thus 
fi{f — E^f > x} < fi{g — E^g > x}. Since / is arbitrary the statement of 
Theorem 11.11 follows. | 
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In the special case when V = R n and /i = 7„ is a standard Gaussian 
measure, Theorem II. II was proved by Bobkov [Bob03j. 

Using T heorem W. ll we solve the problem (11.11) for all isoperimetric prob- 
ability metric spaces. 

Theorem 1.2. For a// isoperimetric probability metric spaces (V,d,fi) we 
have 

D(x) = p{f* - E M /* > x} for x G R, 

where f*(u) = d(A opt , u) is a distance function from some extremal set A opt . 
It turns out that p(A opt ) = D(x). 

Proof We have 

POO 

E„d(A,.) = / {l-p{A h })dh 
Jo 

POO 

< / (l- A i{i4* rt })dh = E M d(i4 opt> .). 

Thus by Theorem 11.11 

sup/i{/ - E„/ > x} = sup fi{f - >x}< fx{f* - EJ* > x} 

f€T feT* 

with f*(u) = —d(A opt ,u). Which completes the proof of Theorem ll.2[ | 

2 Isoperimetric spaces and corollaries 

In this section we provide a short overview of the most known and important 
isoperimetric spaces. We also state a number of corollaries following from 
Theorem 11.11 and Theorem 11.21 

A typical and basic example of isoperimetric spaces is the Euclidean unit 
sphere S 1 ™ -1 = {x G R n : Y17=i \ Xi \ 2 = 1} with a geodesic distance p and 
a normalized Haar measure o~ n _i. P. Levy [Lev51j and E. Schmidt [Sch48] 
showed that if A is a Borel set in S 1 ™ -1 and if is a cap (ball for geodesic 
distance p) with the same Haar measure a n -i(H) = a n -i(A), then 

<T n -i{A h ) > (T n -i(H h ) forallr>0. (2.1) 

Thus A opt for the space (S*™ -1 , p, cr n _i) is a cap. We refer readers for short 
proof of (12. ip to |FLM77t IBen84] . See the extension to Riemannian man- 
ifolds with strictly positive curvature in |Gro80j . Note that if if is a cap, 
then H h is also a cap, so we have an immediate corollary. 
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Corollary 2.1. For a unit sphere S n 1 with geodesic distance equipped with 
normalized Haar measure o n -\ we have 

D{x) = a n ^{f* ~ EJ* > x} for x G R, 
where f*(u) = —d(A opt ,u) and A opt is a cap. 

Probably the most simple non-trivial isoperimetric space is n-dimensional 
discrete cube C n = {0, 1}™ with usual Hamming distance equipped with 
uniform measure, say \i. Since \i is uniform we have fi{u} = l/2 n for all u G 
C n . Harper [Har64j proved that the set of some first elements of C n in lexi- 
cographical order is a solution of ( 11.21) . Other well studied discrete isoperi- 
metric spaces with uniform measures are powers of tori [Kar82| IRio98] . 
n-dimensional rectangle |BL91j . powers of the Diamond graph [BRS08] we 
also mention powers of so called cross-sections |BS02j . We state the results 
for discrete spaces as corollary. 

Corollary 2.2. For discrete n-dimensional cube, n-dimensional rectangle, 
powers of tori and Diamond graphs with usual Hamming distance equipped 
with uniform measure we have 

D(x) = //{/* - E M r > x} for x G R, 

where f*(u) = —d(A opt ,u) and A opt are the sets of some first elements in 
corresponding orders. In particular, for n-dimensional discrete cube with 
Hamming distance A opt is a set of some first elements of C n in lexicograph- 
ical order. 

There is a vast of papers dedicated to bound D(x) for various discrete 
spaces. We mention only |BH97l ILedOll ILT914 ITal95] among others. In 
[LT911 IBRS08] a nice overview of isoperimetric spaces and bounds for D(x) 
are provided. 

Another important example of isoperimetric spaces comes from Gaussian 
isoperimetric problem. Sudakov and Tsirel'son [ST78] and Borell |Bor75j 
discovered that if 7„ is a standard Gaussian measure on R n with a usual 
Euclidean distance function d, then (R n ,c?, j n ) is isoperimetric. In [ST78j 
and |Bor75j it was shown that among all subsets A of R n with t > 7 n (A), 
the minimal value of 7 n (v4 ft ) is attained for half-spaces of measure t. Thus 
we have the following corollary of Theorem 11.11 and Theorem 11.21 
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Corollary 2.3. For a Gaussian space (R, n ,d, j n ) we have 

D(x) = ln {P - E 7 „/* > x} for xeR, 

where f*(u) = —d(A opt ,u) is a distance function from a half-space of space 
R n . 

This corollary was firstly proved by Bobkov [Bob03]. We also refer for 
further investigations of extremal sets on R n for some classes of measures 
to |Bob97l IBCR07] among others. 
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